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Euler Calculations for Flowfield of a
Helicopter Rotor in Hover

R. K. Agarwal* and J. E. Deesef
McDonnell Douglas Research Laboratories, St. Louis, Missouri

Aerodynamic loads on a multibladed helicopter rotor in hovering flight are calculated by solving the three-
dimensional Euler equations in a rotating coordinate system on body-conforming curvilinear grids around the
blades. Euler equations are recast in the absolute flow variables so that the absolute flow in the far field is
uniform but the relative flow is nonuniform. Equations are solved for the absolute flow variables employing
Jameson's finite-volume explicit Runge-Kutta time-stepping scheme. Rotor-wake effects are modeled in the
form of a correction applied to the geometric angle of attack along the blades. This correction is obtained by
computing the local induced downwash with a free-wake analysis program. The calculations are performed on a
CRAY X/MP-48 for a model helicopter rotor in hover at various collective pitch angles. The results compared
with experimental data.

Introduction

AS computing power has progressively increased over the
past decade, the development of computational codes

for the flowfield of a helicopter rotor in hover and forward
flight has progressed from the solution of transonic small
disturbance equations1 to full potential equations,2'6 and
more recently to that of Euler equations.7'8 This paper
describes an Euler solver for calculating the inviscid tran-
sonic flow on rotor blades in hover or forward flight.

For calculating the inviscid transonic flow about hovering
or advancing rotors, Euler equations accurately describe
wave drag, shock position, and shock-pressure rise. Euler
equations also admit vortical solutions. This feature is
especially attractive for helicopter rotor flowfield calcula-
tions which are characterized by transonic shocks, complex
vortical wakes, and blade-vortex interactions.

To calculate the forces on a hovering or advancing rotor,
we need to accurately predict the development of the vortical
wake (as shown in Fig. 1). In particular, two features of the
wake must be properly determined—first, the contraction of
the helical wake as it extends in the axial direction below the
rotor, and second, the interaction of the tip vortex of one
rotor blade with the following blade. Unlike the nonlinear
potential flow equation, Euler equations allow the transport
of vorticity, rollup of the wake following the blade, and con-
vection of tip vortex past the blade, thus providing a better
model for prediction of aerodynamic loads on hovering and
advancing rotors. However, at the present stage of develop-
ment, there are still limitations associated with finite-
difference computations of the Euler equations for predict-
ing the development of vortical wakes. The key problem is
false diffusion of vorticity due to truncation error and ar-
tificial viscosity in the numerical algorithm employed in the
Euler solver. Substantial grid refinement and high-order-
accurate differencing may alleviate this problem, but the
computational power of the CRAY-2 class of supercom-
puters will be required.

Presently, the rotor-wake effects are modeled in the form
of a correction applied to the geometric angle of attack of

Presented as Paper 86-1782 at the AIAA 4th Applied Aerodynamics
Conference, San Diego, CA, June 7-11, 1986; received June 10, 1986;
revision received Oct. 24, 1986. Copyright © American Institute of
Aeronautics and Astronautics, Inc., 1987. All rights reserved.

* Senior Scientist. Associate Fellow AIAA.
tScientist. Member AIAA.

the blades. This correction varies along the blade span and
reduces the geometric angle of attack by 2-5 deg, depending
upon the flow conditions. The correction is the same for all
blades in hover flight but there is also an azimuthal variation
in forward flight. This correction, for a given rotor and
flight condition, is computed with the free-wake analysis
programs HOVER and B-TRIM of McDonnell Douglas
Helicopter Company for hover and forward flight condi-
tions, respectively.

Both the HOVER and the B-TRIM codes are based on
lifting-line theory and provide estimates of the induced
downwash vf and the induced angle of attack a/. A linear
distribution of the vortex lines along the blade span is
assumed, except near the tip, where location and strength of
the tip vortex are modeled. For the wake, we assume a
helical spiral which contracts and expands in response to the
local self-induced velocity of the point vortex distribution
along the helix. The induced downwash vt is computed by
use of the Biot-Savart law and the local induced angle of at-
tack is computed from the relation c^—tan"1 (i^/Or), where
0 is the rotational velocity of the rotor and r is the local
radial distance of the blade section from rotor axis. Since ex/
has a negative value, the influence of the vortical wake
reduces the effective angle of attack.

In this paper, transonic flowfields about a helicopter rotor
in hover are calculated by solution of the three-dimensional
Euler equations in a rotating coordinate system on body-
confirming curvilinear grids around the blades.

A modular solution approach is adopted wherein an in-
dependently generated grid is coupled with the flow solver. A
three-dimensional grid around the blade is generated as an
assembly of two-dimensional spanwise sectional grids. The
two-dimensional section O-grids around an airfoil are
generated by application of the algebraic grid-generation
method of Eiseman. The Euler solver is developed with the
finite-volume scheme proposed by Jameson, Schmidt, and
Turkel9; however, essential modifications are necessary in
the formulation of the Euler equations and in implementa-
tion of the numerical scheme to accurately solve rotary-wing
flowfields. Euler equations are formulated in a rotating
coordinate system attached to the rotor blades, but are recast
in the absolute-flow variables; thus, the absolute flow in the
far field remains uniform but the relative flow is nonuniform
and the equations are solved for the absolute-flow variables.
This formulation allows more accurate calculation of the
fluxes in the finite-volume method and becomes essential for
obtaining accurate solutions on nonuniform grids. This ap-
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proach has previously been used by Holmes and Tong10 in
developing the Euler solver for turbomachinery blade rows.

Calculations are presented for the flowfield of a model
helicopter rotor in hover at various collective pitch angles.
Comparisons with the experimental data of Caradonna and
Tung11 are presented. Computations were performed on a
CRAY X/MP-48.

Governing Equations
Compressible Euler equations are formulated in a Cartesian

reference frame rotating with angular velocity ft of the rotor.
The equations are recast in the absolute-flow variables so that
the absolute flow in the far field is uniform but the relative
flow is nonuniform; we solve for the absolute-flow variables.
This formulation allows more accurate calculation of the
fluxes in the finite-volume method and becomes essential for
obtaining accurate solutions on nonuniform grids.

Let (w,y,w), (ur,vr,wr), and (U^V^WQ) denote the ab-
solute, relative, and rotational velocity components respec-
tively in the rotating Cartesian coordinate system (x,yfz)
shown in Fig. 1. The following relationships hold among the
various velocity components:

total enthalpy h are defined as

v = vr — vQ and w = wr — (1)

For a hovering rotor, rotating with a uniform angular velocity
12 about the y axis (as shown in Fig. 1),

UQ = — Qz, vfi = 0 and WQ = (for (2)

Let p and p denote pressure and density, respectively, and E
and H define total roenergy and total rothalpy as follows:

E = -

H=E +

1
(3)

(4)

In a rotating coordinate system attached to the blades (as
shown in Fig. 1), the compressible Euler equations can be writ-
ten as

dq dL dM dN
* I ________ I __________ I _________ ——— 'T

dt dx dy dz (5)
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Equation (3) is recast in terms of absolute-velocity com-
ponents (w,y,w,) using Eq. (1), and the total energy e and
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Let F=Fxex + Fyey + Fzez, and MQ = uQex + vQey + WQ^, where
(ex,ey,ez) are the unit vectors in the (x,y,z) coordinate
system. Then Eq. (8) can be written as

dW—-
dt

(9)

We solve Eq. (9) using the finite-volume method described
in the next section.

Vorticity
sheet Finite difference

Hovei

Fig. 1 Schematic of a two-bladed, helicopter rotor wake with an
embedded finite-difference grid and the coordinate system (after
Strawn and Caradonna).
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Finite-Volume Method
To apply the finite-volume method, Eq. (9) is written in

the integral form

dS

for a domain V with a bounding surface dS, where n denotes
the unit outward normal vector to the surface element ds.

Substituting for «Q in Eq. (10), we obtain

z'n)ds = \ \ \

dS

GdV (11)

The computational domain is divided into hexahedral cells
denoted by the subscripts (i,j,k) as shown in Fig. 2. Assum-
ing that the dependent variables are known at the center of
each cell, we obtain a system of ordinary differential equa-
tions by applying Eq. (11) separately to each cell. These
equations have the form

-r(JtikWnk)+Pfrcit + Qijk + &ijk - (12)

where Jijk is the cell volume, Pijk represents the net absolute
flux out of the cell, and Qijk and Rijk are rotational fluxes
out of the cell. The calculation of Jijk, Pijk, Qijk, and Rijk for
a hexahedral cell, shown in Fig. 2b, is described in Appendix
A. We rewrite Eq. (12) as

(13)

The finite-volume scheme [Eq. (13)] constructed in this
manner reduces to a central-difference scheme on a Carte-
sian mesh and is second-order accurate, provided that the
mesh is sufficiently smooth and without any abrupt changes
in cell shape and volume. The scheme [Eq. (13)] is not
dissipative, and therefore allows undamped oscillations at
odd and even mesh points.

To suppress the tendency for odd- and even-point decoup-
ling and to prevent the appearance of oscillations in regions
containing severe pressure gradients near shock waves and
stagnation points, the finite-volume scheme is augmented by
the addition of artificial dissipative terms. Equation (13) is
replaced by

(14)

Fig. 2 a) Division of the computational domain into hexahedral
cells (sketched on the k surface), b) a hexhedral cell in the physical
domain, and c) the corresponding unit cube in the computational
domain.

The dissipative flux di+ y2jtk is defined as

j + V2,j,k

/ + V2,j,k '

Wijk - (17)

where Ax denotes the forward difference operator A^ =
(Wi, + ij)k—Wi>j)k), and e(2) and e(4) are adaptive coefficients
defined below. We define

(18)

k, vijk) (19)

and

where Dijk denotes the dissipative terms which are generated
by dissipative fluxes. Jameson9 has established that an effec-
tive form of dissipative terms for flows with discontinuities is
a blend of second and fourth differences with coefficients
that depend on the local pressure gradient. Dissipative terms
are constructed as follows:

Dijk=(Dx+Dy+Dz)Wl ijk

where

Wijk = Y2,j,k

(15)

(16)

ffi *j.k = max [0,(«(4) - eft (20)

where typical values of the constants *(2) and *(4) are /c(2) = 1,
ic(4) = l/32. (A^)^ is defined in Appendix B. The terms
DyWiJk and DzWijk in Eq. (15) are calculated in an
analogous manner.

The scaling J/At in Eq. (17) conforms to the inclusion of
the cell volume in the dependent variables of Eq. (14). Since
Eq. (17) contains undivided differences, it follows that if
e(2) = 0(A*2) and e(4) = 0(l), then the added terms are of
0(Ajc3), as will be the case in the regions where the flow is
smooth. Near a shock wave e(2) = 0(l), and the scheme
behaves locally as a first-order-accurate scheme.
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Time-Stepping Scheme
The classical fourth-order Runge-Kutta scheme is used to

integrate Eq. (14). Suppressing the subscripts (i,j,k), we can
write Eq. (14) as

dW
dt J

At time level n, we set

SJ

——6J

^

47

J^_

(21)

= 100) _J

(22)

In Eq. (22), the dissipative terms are frozen at their values in
the first stage, thus avoiding expensive computations for
each stage. The scheme is fourth-order accurate in time, and
is stable for Courant numbers <2V2. The scheme has the
property that if [$Wn-DWn]=Q, then W™ = W®\
W"+l = W1, and the steady-state solution is <5Wn -DW" = 0,
independent of time step At. Thus, a variable time-step (A^)
determined by the bound on the local Courant number can
be used to accelerate convergence to steady state without
altering the steady state. To obtain time-accurate calcula-
tions of unsteady flow phenomena, we determine the
allowable time step by the minimum value of the Courant
number in the field.

Boundary Conditions
Special considerations are required to determine the fluxes

in Eq. (13) at the boundaries. Far-field boundary conditions
are applied at a finite distance from the blade surface, while
flow tangency is applied at the blade surface. In addition, a
periodic condition is applied in the plane containing the
blade root for the hover case. A number of other boundary
conditions are also explored for the plane containing the
blade root.

At the solid boundary, flow tangency implies zero con-
vected fluxes across the boundary; the only contribution to
flux balance in Eq. (13) comes from the pressure. The nor-
mal pressure gradient at the blade surface is estimated from
the condition that d ( p V n ) / d t = Qy where Vn is the normal
velocity component. The pressure at the wall is then
calculated from the pressure at the adjacent cell centers with
the known value of dp/dn.

The treatment of the far-field boundary condition is based
on the introduction of Riemann invariants for a one-
dimensional flow normal to the boundary.12 Let subscripts
oo and e denote far-field values and values extrapolated from
the interior cells adjacent to the boundary, and let Vn and a
be the velocity component normal to the boundary and the
speed of sound, respectively.

If the flow in the far field is subsonic, we introduce fixed
and extrapolated Riemann invariants

l I

7-1 7-1

Fig. 3 Surface pressure distribution on a nonlifting rotor in hover;
Af, = 0.52, 0C=0 deg, 1̂ = 6.0, untwisted, untapered, NACA-0012
blade, 97x33x21 mesh.

corresponding to incoming and outgoing waves. These in-
variants may be added and subtracted to obtain

anda=V4(y-l)(Re-R00)

where Vn and a are the actual normal velocity component
and the speed of sound to be specified in the far field,
respectively. At an outflow boundary, the tangential velocity
component and entropy are extrapolated from the interior,
while at an inflow boundary they are specified as having far-
field values. These four quantities provide a complete defini-
tion of the flow in the far field.

If the flow is supersonic in the far field, all the quantities
are specified at the inflow boundary, and they are all ex-
trapolated from the interior at an outflow boundary.
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Fig. 4 Radial-induced velocity distributions on a two-bladed hover-
ing rotor obtained with the Free-Wake Analysis Program HOVER
of McDonnell Douglas Helicopter Company; untwisted, untapered,
NACA-0012 blade, ^/? = 6.0, 0C = 8 deg, i? = 1.143 m, C=0.1905 m.
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In the plane containing the blade root, two kinds of
boundary conditions, 1) periodic and 2) dW/dz = Q, were im-
plemented; condition 2) yielded better results. Alternative
boundary conditions for this plane are presently under
investigation.

Computed Examples
Computations are performed for the flowfield of a model

helicopter rotor in hover at various collective pitch angles.
The rotor has two blades of aspect ratio equal to 6 which are
untwisted, untapered, and have the NACA-0012 airfoil sec-
tion. The experiments on this rotor have been performed by
Caradonna and Tung16 at NASA Ames Research Center for
a range of blade tip Mach numbers Mt and collective pitch
angles 0C. Computations are performed on a 97x33x21
mesh on a CRAY X/MP-48. A typical computation requires
2 million words of main memory and 2.1-10"5 s of CPU
time per mesh point for each iteration. The fully vectorized
version of the code decreases CPU time by a factor of 3 and
the microtasked version of the code on four processors of
the CRAY X/MP-48 provides an additional time gain factor
of approximately 3.7 in wall clock time.

A six-order-of-magnitude reduction in the residual for
density was obtained in approximately 800 time steps at a
Courant number of 2 and the solution was considered fully
converged. A converged solution required approximately 19
min of CPU time on CRAY X/MP-48. The residual for den-
sity is defined as the root-mean-square value of dp/dt
(calculated as Ap/At for the complete time step).

Nonlifting Case: Mt = 0.44, Bc = 0

Figure 3 shows the surface pressure distribution on the
nonlifting blade at different spanwise locations. The agree-
ment between the Euler calculations and the experimental data
is excellent.

Lifting Cases: Mt = 0.57, 8C =

M, = 0.877, 0C =

As mentioned before in the introduction, for these calcula-
tions the rotor-wake effects are modeled in the form of a

Fig. 5 Surface pressure distributions on a lifting rotor in hover;
M, = 0.44, 0C = 8 deg, ^ = 6.0, untwisted, untapered, NACA-0012
blade, 97x33x21 mesh.
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———— Euler calculations (with wake correction)
O D Experimental data

1.0

Fig. 6 Surface pressure distributions on a lifting rotor in hover;
M, = 0.877, 0C = 8 deg, ̂  = 6.0, untwisted, untapered, NACA-0012
blade, 97x33x21 mesh.

correction applied to the geometric angle of attack of the
blades. The free-wake analysis program HOVER of McDon-
nell Douglas Helicopter Company is used to calculate the in-
duced down wash Vj. The results of these calculations are
shown in Fig. 4. The induced angle of attack is calculated
from the relation cx^tan"1 (i^/Qr), where Q is the rota-
tional velocity of the rotor and r is the local radial distance
of the blade section from the rotor axis. As can be seen from
Fig. 4, the slope of the curve vf as a function of r remains
constant except near the blade tip. For 95% of the blade
span, OLI can be taken as approximately 3.8 deg for both
cases a) and b). The effective angle of attack thus becomes
ae = 6C — oij = 4.2 deg. Figures 5 and 6 show the surface-pressure
distribution on the blade at various spanwise stations for cases
1) and 2), respectively. The agreement between the calculations
and the experimental data is satisfactory. Perhaps better
modeling of the wake effects will improve the results of the
calculation. Further investigation is also needed to formulate
proper boundary conditions in the x-y plane at blade root.

Conclusions
A three-dimensional Euler solver has been developed for

calculating the transonic flow on rotor blades of a helicopter
in hover. The computational code is robust, efficient, and
accurate. With the computing power currently available on
the CRAY X/MP or CYBER 205 class of machines, wake
modeling is still needed for accurate calculation of
aerodynamic loads. Extensive grid refinement and a large
computational domain are needed to capture the vortical
wake, requiring use of the CRAY 2 class of machines. A
realistic approach appears to be the integration of a free-
wake analysis program with the Euler solver.

Appendix A: Calculation of Jijk, Pijk, aijk,
and Rijk in Eq. (12)

For a hexahedral cell shown in Fig. 2b, the cell volume Jijk
is computed as

f 3816 (Al)

where T denotes the volumes of the five tetrahedra.
The integer subscripts on r1236 refer to the four vertices of

the cell that define the tetrahedron. The volume of the
tetrahedron r1236 is given by

^1236 =

y\

(A2)

Relations similar to Eq. (A2) can be written for the volumes of
other tetrahedra in Eq. (Al).

From Eq. (11),

:-[JJ«H
dS

ijk
(A3)

For the cell shown in Fig. 2b, (A3) takes the form

Pijk = [ (f' $) /+ Y2,j,k - (f'S) i- y2j,k ]

(A4)

In Eq. (A4), Si+y2>j>k denotes the area of the cell face located
at (/+ l/2,j,k), etc. Again referring to Fig. 2b, the area of a
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cell face 1234, for example, can be obtained as

^1234= (S*)l234** + (Sy) I234*y + (S

where

FLOWFIELD OF A HELICOPTER ROTOR

where

(Sy)l234 = M ffe -*4>(*3 -*l)~(*2 -X4)(Z3 ~

(A5)

1̂234 = I ̂ 1234 I 1̂234

yl234

(Sz) 1234
We can also write

where

I ^1234 I =

and A1234 is the unit outward normal to surface 1234. In Eq.
(A4), the quantities on the right side can be expressed as

(F'S)i+ y2j>k — [ \FX ) i+ y2j)k (&x )i+ y2,j,k

-u (T? \ (^ \ 4- (T? \ (<? \ 1 fA/^"•" \ry )i+ V2,j,k \&y)i+ l/2,j,k + V^z ' i+ l/2j,k \°z )/+ y2,j,k J VAW

In Eq. (A6), Sx, Sy, Sz are given by formulas of the type
given in Eq. (A5), and Fx) Fy, Fz are given by Eq. (8) in
terms of the variables p, puy pv, pw, p, and pe which are
computed at (i+l/2j,k) by formulas of the type pi+y2j>k
= y2(pij,k + Pi+\j,k)- In this manner, a complete description
of Pijk is obtained.

Qijk is given by

= - 12 [ Wi+ y2jikli+ Hj,k - wi- V2j,k!i-

"*" WfJ+ l/2,k^ij+ y*,k ~~ Wjj_ y2>klij- yz >k ]

+ Wijf k + '/a IfJ, k+Vz~ Wfjt k _ i/2 Ijjf k-\/2

where

(A7)

( A8)

(A9)
as

Referring to Fig. 2b, for the surface 1234,

+ (z3+z4)(z4y3-z3y4)+ (z4 + zl)(zly4-z4y{)} (A10)

Rijk is given by

>ki+ y2j,k — j

fij+ y2,k ~~ Wy-

i,j,k+ Vt ~ Wjjfk j,k- 1/2

(All)

(A12)

237

(A13)

Again, referring to Fig. 2b, for the surface 1234

(x2 +x3 -x3y2)

Appendix B: Calculation of (A^)/yjt in Eq
At a cell point (i,j,k), (Atg)ijk is defined as13

(A14)

(17)

(Aty)iJ>k(Atz)iJ>k+

where

(Bl)

(B2)

(B3)

(B4)
and « = speed of sound.

Equations analogous to (B2) can be written for (Aty)ijk
and (&tz)ijk. In Eqs. (B3), the (Sx)i+^Jtk and similar terms
are evaluated using formulas analogous to Eqs. (A5). For
obtaining a time-accurate solution, the time step at each
step of iteration is given by

At< min (B5)
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